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PREFACE
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CWIS 31711, Time Rate and Magnitude of Degradation of Permafrost.

Critical reviews of the report were furnished by Dr. Richard
Berg and Francis Sayles, the project monitor.

The contents of this report are not to be used for advertising or
promotional purposes. Citation of brand names does not constitute
an official endorsement or approval of the use of such commercial
products.
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1.

1.0 OVERVIEW
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INTRODUCTION

The Complex Variable Boundary Element Method or CVBEM is used to develop
a computer model for estimating the location of the freezing front in soil-
water phase change problems. This computer program, CVBFR1, is based on
the following major assumptions:
(1) the problem is two-dimensional,
(ii)  the entire soil system is homogeneous and isotropic,

(ii1) the problem thermal boundary conditions are constant values

of temperature (or stream function), f:g_

(iv) soil-water flow effects are neglected (the problem is strictly ;Eﬁ‘
geothermal), E;f

(v) all heat flow from the freezing front is within the control N
volume; there is no heat flux associated with the freezing front EE;‘

from exterior of the control volume, EZiu

(vi) the freezing front movement is sufficiently slow such that :;:‘
heat flux along the moving bhoundary can be determined by Eiz’
assuming steady state heat flow conditions for small durations :EN

of time (i.e., timesteps). ;f§,

The CVBEM is used to model the thermal regime of the soil system, g;%

The theory and development of the CVBEM is given in Hromadka (1984, 1987). §§?!
Because the numerical technique is a boundary integral approach, the :é&l
control volume thermal regime is modeled with respect to the boundary E;El
values and, therefore, the CVBFR1 data entry requirements are signifi- ?;?
cantly less than that usually required of domain methods such as finite- .f\;

differences or finite-elements.
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Soil-water phase change along the freezing front is modeled as a
simple balance between computed heat flux and the evolution of soil-
water volumetric latent heat of fusion. To model the displacement of
the freezing front, program CVBFR! pro*ides two options:

(i) displace the freezing front coordinates with respect to
changes in the y-coordinate only,
(ii) displace the freezing front coordinates with respect to

a vector normal to the freezing front boundary.

1.1 OBJECTIVES OF REPORT
The objectives of this report are threefold:

(1) Provide background information regarding the CVBEM and the
soil-water phase change model used in program CVBFRI,

(2) Provide documentation for the data entry sequence assoc-
jated with program CVBFRI.

(3) Because the CVBEM results in a small FORTRAN computer
programming effort, provide the CVBFR1 computer code as

an appendix to this report,

1.2 REPORT ORGANIZATION

This report is organized into 4 chapters and 3 appendices as follows:

SECTION

Chapter 1 Introduction

Chapter 2 Modeling approach. Presents heat flow model
(CVBEM) and phase change approximation.

Chapter 3 Data input requirements for program CVBFRI.

Appendix A Background development of the CVBEM.

Appendix B8 Background development of the approximative
boundary technique to evaluate CVBEM approxi-
mation error.

Appendix C Program CVBFR1 source code.
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3 REPORT PREPARATION

This report was prepared under the direction of Dr. Richard L. Berg
and Mr. Francis Sayles of the U. S. Army Corps of Engineers, Cold Regions

Research and Engineering Laboratory located in Hanover, New Hampshire.
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MODELING APPROACH

INTRODUCTION
The use of the Complex Variable Boundary Element Method to model

soil-water phase change effects is a new numerical approach to this class
of problems. In previous work, Hromadka and Guymon (1982) applied the
complex variable boundary element method (CVBEM) to the problem of predict-
ing freezing fronts in two-dimensional soil systems, Hromadka et al.
(1983) subsequently compare the CVBEM solution to a domain solution method
and prototype data for the Deadhorse Airport runway at Prudhoe Bay, Alaska.
In another work, the model is further extended to include an approximation
of soil-water flow (Hromadka and Guymon, 1984a). In contrast to the CVBEM
approach, an example in the use of real variable boundary element methods
(Brebbia, 1978) in the approximation of such moving boundary phase change
problems and a review of the pertinent literature is given in 0'Niell (1983).

Hromadka and Guymon (1984b) develop a relative error estimation scheme
which exactly evaluates the relative error distribution on the problem
boundary that results from the CVBEM approximator matching the known boun-
dary conditions. This relative error determination is used to add or delete
boundary nodes to improve accuracy. Thus, the CVBEM permits a direct and
immediate determination of the approximation error involved in solution of
an assumed Laplacian system. The modeling accuracy is evaluated by the
model-user in the determination of an approximative boundary upon which
the CVBEM provides an exact solution. Although inhomogeneity (and aniso-
tropy) can be included in the CVBEM model, the resulting fully-populated

matrix system quickly becomes large. Therefore in this work, the domain
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is assumed homogeneous and isotropic except for differences in frozen and

thawed conduction parameters for freezing and thawing problems, respectively.

A major benefit in the use of the CVBEM over other numerical methods
(including real variable boundary element methods and domain methods such

as finite-differences and finite-elements) is the accurate and easy-to-use

"approximative boundary" error evaluation technique. Other numerical methods

can be evaluated for modeling error (where exact mathematical solutions

do not exist) by increasing nodal point densities and comparing the result-
ing changes in predicted nodal values of the governing equation's state
variable. 1In contrast, the CVBEM approximative boundary error evaluation
technique is simply the process of locating the (x,y) points where the
CVBEM approximation function meets the specified boundary condition values
(the approximative boundary), and comparing the resulting plot to the true
problem boundary.

A major benefit for using the CVBEM error evaluation technique is
that highly accurate solutions for two-dimensional potential problems can
be obtained. O0ften, the CVBEM approximation analysis is terminated when
the approximative boundary differs from the true problem boundary to
within the construction tolerance of the project, resulting in an exact
CVBEM model of a probable constructed version of the engineered plan draw-
ings. Consequently the CVBEM approach can be used directly in engineering
applications, or used to provide a wide range of highly accurate approxi-
mations for two-dimensional phase change problems (where the freezing

front movement is slow; see section 2.2) for checking modeling results

produced by other numerical methods.
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2.1

HEAT FLOW MODEL

For a wide range of soil freezing (or thawing) problems, the freezing
front movement is sufficiently slow such that the governing heat flow equation
can be modeled using a timestepped steady state heat flow approximation.
That is for small durations of time, the heat flux along the freezing front
can be computed assuming the temperature distribution within the frozen
(or thawed) regions are potential functions (i.e., the Laplace equation
applies). Figure 2.1 illustrates a typical two-phase problem definition
where the heat flow model solves for heat flux along the freezing front by
solving the Laplace equation (by use of potential functions) in both the
frozen and thawed regions.

To develop mathematical models of the Laplace equation in each region,
a CVBEM approximator is generated which matches specified boundary conditions
of either temperature or flux at nodal point locations on the problem
boundary and freezing front. The CVBEM approximator exactly satisfies the
Laplace equation; consequently there is no modeling error in solving the
governing Laplace equation (heat flow model), there is only error in matching
the boundary conditions continuously. Figure 2.2 shows an example roadway
problem where the freezing front is initially located some known distance
below the surface. Boundary conditions for the example problem and a nodal
point placement scheme are shown in Fig. 2.3.

The heat flow model in CVBFR1 develops a CVBEM potential function which

satisfies the Laplace equation within the boundary of Fig. 2.3. Appendix A

provides a brief review of the CVBEM numerical approach, and Appendix B
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2.2

provides a review of the approximative boundary error evaluation technique
used to develop more accurate CVBEM approximations. The usual modeling
procedure is to use the approximative boundary technique to analyze the
initial condition CVBEM model. After the analyst is satisfied with the
CVBEM approximator and its associated level of accuracy then the CVBFRI

program is executed to model the freezing front evolution.

PHASE CHANGE MODEL
For each timestep, a CVBEM approximator is generated by program CVBFRI
based on the problem geometry and boundary conditions. Heat flux is computed
along the freezing front using the CVBEM approximation stream function
values. The heat flux estimates are assumed to directly equate to the
rate of freezing (or thawing) of a volume of soil at the freezing front.
Consequently, a freezing process for the example of Fig. 2.3 results in a
downward migration of the freezing front such that the product of the time-
step and heat flux equals the latent heat evolved by the change in freezing
front coordinates.
Two freezing front displacement models are available in program CVBFRI:
(1) A1l displacement occurs in the vertical direction. This
simplified model is generally appropriate for many road-
way problems.
(2) Displacement computed based on an outward normal vector.
This model is the most accurate, but requires more compu-
tational effort than the vertical displacement model,
Figure 2.4 shows the nodal point displacement in a

direction which balances the angles to go between the

normal vector and boundary elements.

[}
3

4
»

.

-

> -
« .
s

rrrees b

-
a

T Ly

Pl ol A N ]
-ty

Ny N N N
: r\.'\ AN S ’v.?s"&'
- -

P,



ZERO HEAT W

FLUX o
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2.3 PROGRAM CVBFR1 CHARACTERISTICS }
Class of Problems Modeled &
Program CVBFR1 may be used to model soil-water freezing (or thawing) in &,
two-dimensional, homogeneous, isotropic domains. As illustrated by the l<
example problem of Figs. 2.2 and 2.3, only one region is modeled (i.e., ;’
either entirely frozen or entirely thawed) and the freezing front forms part o

of the control volume's boundary. For example, program CVBFR1 may be used to ﬁ

study the freezing front advancement into a soil system where the soil sys-

-
O

tem is initially close to the freezing point depression temperature, and

pr =
-

negligible heat flow to the freezing front is contributed from the under-

AN
SN NN

R A E

lying soil system. A schematic of the problem domain and boundary conditions
used in CVBFR1 are illustrated in Fig. 2.5. Another characteristic of
CVBFRT is that the boundary conditions of the problem are held constant

for the entire simulation. Additionally, the initial conditions of the prob-

lem are assumed to be near steady state with the freezing front specified

some distance below the top of the control volume boundary (control

A
s

surface). ?’ :
The CVBFR1 Modeling Procedure 5:
The modeling procedure used in the CVBFR1 program is shown schematically ';ﬁ

in Fig. 2.6 for the case of a soil freezing problem. It is assumed in P
Fig. 2.6 that the analyst has developed a good CVBEM approximator for the §\
initial conditions of the problem by using the approximative boundary -:
technique (Appendix B) to locate nodal points on the problem boundary. EE;
Typically, the most difficult modeling problem occurs when the freezing front :Q:
is closest to the top of the problem boundary such as shown in Fig. 2.3. ;;
>
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DEVELOP A CVBEM APPROXIMATOR BASED
ON BOUNDARY COORDINATES AND BOUN-
DARY CONDITIONS

T=0°C

CALCULATE HEAT FLUX VALUES ALONG
THE FREEZING FRONT

= {
»
- e Py 2K
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AND VOLUMETRIC LATENT HEAT OF FUSION
FOR SOIL-WATER MIXTURE
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FIG. 2.6 CVBFR1 MODELING PROCEDURE
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Consequently, the CVBEM nodal placement should be concluded based on the
problem's smallest anticipated distance to the freezing front. For example,
the roadway problem shown in Fig. 2.3 spans a width of 50 m; the corre-
sponding distance to the freezing front for initial conditions (freezing

problem) is assumed to be 0.25m.
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3. PROGRAM CVBFR1 )
.
3.0 INTRODUCTION ]
4
CVBFR1 is a CVBEM program with the capability of estimating the moving »
position of a slow-moving freezing front in soils. The CVBFR1 program uses j
either subroutine FRT] or FRT2 to estimate the displacement of the freezing .
g .
front where subroutine FRT1 is based upon a vertical shifting and FRT2 uses ¢
the outer normal direction to calculate the change in nodal point coordinates. N
3.1 PROBLEM SET-UP »
5
The problem domain is assumed to be a homogeneous isotropic soil mix- ]
ture enclosed by the problem boundary. Nodal points are located on the prob- -
lem boundary and are numbered in sequence in a counterclockwise direction ;
from 1 to NNOD. :
Nodal points are generally placed closer together near angle points of ;‘
the problem boundary, or where boundary condition values (or types of ;
[ 2
boundary conditions) change. This increase in nodal density reduces the
error in integrating a trial function (straight line interpolation functions E,
-
are used in CVBFR1) which becomes inaccurate near singularities of the po- e
* t
tential function, temperature. ;
The product of the latent heat of fusion for soil-water and the uniform Ef
soil porosity value is used as the volumetric latent heat of fusion for the EU
soil-water (or soil-ice) mixture. The thermal conductivity value is used s
to estimate the normal heat flux values along the freezing front.
o
%
¢
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o'
3.2 INPUT DATA o
by
Input data for program CVBFR1 is as follows: '.153
VARIABLE DATA FILE LINE W
KODE Line 1 3
~
NNOD, NFRS, NFRE Line 2 ;
4!
COND, XLAT, POR Line 3 X%
DELT, SIMUL, OUT, ID Line 4 iR
o~
X(I), Y(I), KTYPE(I), VALUE(I); I=1 to NNOD Line 5 "~
. Eé
X(NNOD), Y(NNOD), KTYPE(NNOD), VALUE(NNOD); Line NNOD + 4 %
(END OF FILE) 3
where: >
=
VARIABLE <3
PAALLA Atk \‘_
KODE = 1, For vertical displacement of freezing WD,
front coordinates o,
*A :
2, Use outward normal vector to estimate N
nodal point displacements :Z
Y
NNOD = Total number of nodes on boundary Z'.“'_
NFRS = First node number of the freezing A
front contour .
NFRE = Last node number of the freezing )
front contour N
73
COND = Thermal conductivity of a homogeneous s
isotropic soil mixture
NI
XLAT = Latent heat of fusion for soil-water :T'_-
N
POR = Porosity of soil ;:;
DELT = Increment for time advancement model ~
SIML = Total simulation time Y
%
15 iy
o
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ouT = Qutput period

ID = 0, Detailed output (see Example 1)
1, Summary output (see Example)

X(1), Y(I) = (x,y) coordinates of node I in first
quadrant
KTYPE(I) = 1, Prescribed temperature value
2, Prescribed stream function value
3, Prescribed flux value
VALUE(I) = Prescribed value according to

KTYPE(I). For efflux, VALUE(I) =
efflux/conductivity

Note: The units of XLAT, COND, DELT, SIMUL, and QUT should be
consistent.

3.3 APPLICATION

Example 1: Computing the Freezing Front Location in a Roadway Embankment

A roadway embankment (Fig. 3.1) problem is used to illustrate the
application of program CVBFR1. The input data and program output (in
English units) for the example problem is provided in the following:
(note that the first line is a "1" or "2" for using subroutines FRT1 and

FRT2, respectively):
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¢
V
']
‘ PROGRAM CVBFR1 Data Input v
. ¢
(Example Problem) :
:
: v
{ KODE = 1 or 2 (see text) A
! 30 1 15 '
[0 830 .4
s 120 120 0 .
O 19 20 ,
25 10 1o
b 49 10 1 0O
; 49,9 10 § O .
50 10 1 0
, 50,1 9.95 1 0 .
) 1 9.5 1 0 ‘3
; A0 5 10 :
A9 .5 L O .
£9.9 .05 1 0 K
700 L0
. 0.1 0 1 0 .
7101 0
PT D010 .
: 12001 0
B 120 1 1 -40 \
‘ 95 1 1 ~10 A
7111 ~10 .
; 70.1 1 1 -10 N
' Y11 ~10 3
) H9.9 1.05 [ -10 L,
; S99 1.5 1 -10 N,
: 40 6 1 ~10 »
51 10.5 1 -10 =
50.1 10.95 1 -10 pA
\ 50 11 1 -19 by
: 49.9 11 1 =10 g
X 49 11 L -10 :
! 25 11 i =310 L
O 11 1 =10 -
“
.\
; X
X o
. [
7
LA
I Z:
. ,
-
P,
18
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TIME INCREMENT =

PARODSITY = 00,4000

NODE XCID)

L V. 00000
2 25.00000
3 49, 00000
4 49 ,.900u0Q
S 50.00000
S 50.10000
7 S1.900090
8
%

40.00000

A9 . 00000
10 49 . 90000
11 70 ,.00000
12 70, 10000
13 71 .00000
14 5. 00000
15 120.000Q0
14 120.00000
17 95, AGO0O
18 71.00000
19 70, L0000
20 70,00000
21 59,90000
22 §9 . 00000
23 50, 00000
29 51.00000
25 50.10000
26 $50.00000
27 49 ,90000
28 49.,00000
29 25,00000

30 0. 00000

A4.0000
TOTAL SIMULATION TIME = 120.0000
CONDUCTIVITY = 10.9000
LATENT HEAT = 80.9000

Y1)

10.00000
10.00000
10.09000
10.00000
19.,00000
P . P5000
3. 50000
5.00000
O.50000
0. 05000
O, 0aHOH0
0L 00000
0. 00000
0. 00000
O, 00000
1.00000
1.00000
1.00000
1.00000
1. 00000
1.05000
1.50000
4.00000
10.950000
19.95000
11 00000
11. 00000
11. 00000
11.00000
11. 00000

KTYPE (D)
1=5V42=5F
3=EFFLUX

N

Pt bt et pt ek ph b ek b b A bbb el e b b b b a b R b b A b b e s

Vat.UE

O, 00000
0. 00000
0. 00000
0. 00000
O, 00000
0O,00000
000000
0. 00000
O L. O0000
O, 00000
1, 00000
O, 00000
O 00000
0. 00000
0,00000
-10.092000
-10.00000
-10.00000
-10.00000
-10. 00000
-10.00000
~10.00000
-10.00000
-10.00000
-10.00000
-10.00000
-10,00000
-10.00000
-10.00000
-10.00000

® The computer modeling results using FRT1 (KODE = 1) are as follows:

ANGLECI)

P00, OQ)
180.00
180,00
130,00
204,57
180.00
180 .00
180,00
180,00
180,00
153.43
180.00
180.00
180.00

20,00

0, 00
180 .00
1890, 00
180,00
206,57
180,00
180.00
180.00
180.00
180,00
153.43
180.00
180,00
180.00

?20.00
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Cauchy Program Results W
S,
\
TIME = 120.0000 >
' NODE STATE STREAM k
NUMBER  VARIABLE FUNCTION ot
1 —0,0645 0.0000 Y,
2 0 0000 186 .8884 e
3 0.0000 3646.0428 e
4 0. 0000 373.0393
4 5 0.0000 373.7330 A
: 4 0., 0000 374.5362 "."
, 7 0.0000 382.6803
b 8 040000 462.5811 o
4 ? 0. 0000 542.9409 =
10 0., 0000 550.4897 X
11 0. 0000 551.,2713 R
12 00000 552,0007 Oy
13 0. 0000 558, 4281 A
14 0.0000 739.2384 s
15 0.0000 ?27.1421 ~
16 ~lf).l')000 927e1481 i
17 -10,0000 739.2394 =i
18 ~10.0000 558. 3662 ot
19 ~10.,0000 550.7808 s
2 ~10.0000 549,4852 o
21 -10.0000 548,0763 ur
22 -10.0000 53%2.4200 . .71
23 ~10.0000 459.0154 £ ]
24 -10.,0000 379.2308 i“f
25 ~10.0000 372, 4201 o
26 ~10.,0000 372.0577 oy
27 -10.0000 I71.7505 e
23 -10.0000 365.9584 =~
29 -10.0000 184.8909 R
30 ~10.0000 0.6024 NS
R
PN
RN
R
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N
Y
l\'.\.l
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20 N

e
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CVBEM Approximation Function Nodal Values:

NOLE
NUMBER

-
O VWNOGUR WP

—
-

[
8]

O o
WO U

[0
Q

o
FJ =

J o N
N> W

|}

"

f

- I

- P

]
@D

29
30

STATE

VARTABLE

-0.0582
-0.,.0123
-0.,0574
-0.105852
0.0292
-0, 1084
-0.0448
-0,00489
0.0311
0.Q745
-0.0335
O.0556
0O, 0402
-0.0026
0.0013
-10,0028
-10.0214
-9.9418
-9 .1 Re
-9, RPA
-9.9198
-9, 9837
-9.98718
-i0.,0409
-10.0944
-10.0A%4
-i 0 0R0A
-10.,0%10
-9,9%80
-@.99R1

STREAM

FUNCTIGON

-0,0034
186.8887
366.1034
373.1109
373.,7366
374.5667
382:6476
442,9815
542.918%
550.4381
551.2729
S52,0399
558.4709
739.2393
927.1403
927.1437
739.2404
558.3270
950.7245
549 .4889
548.1329
539,4475
459.0158
179.2812
372.4865
372.0609
371.69495
365,705
186.89146

-0,0011

AR,

o
Y :
e 2 X

e
AR

PN

.
.
.

l'f
p

Lo

e
»

l'

[
-7 7

L)
x

iﬁ?:l
7

YN ENANA, BV o
AN, AT

Ly e "
v




GONI Ui P iy

Nodal Point Relative Error Values:

_000063
O0.0123
0.0574
0.1082

-0.0292
0.10464
0.0448
D.0065

-0,0311

-0.074%
0.0335

-0.05%56

-(.0402
0.0026

-0.0013
0.0028
0O.0214

-0.0382

-0.0811

-0.1038

-0.0802

~0.0368

-050122
O0.0409
0.0944
0.0453
0.0804
0.0510

-0, 0420

‘000019

0.0034
-0.0004
~0.060%5
~0.07217
~0.0034

0.0699

0. 0327

-0.0004

0.0272%

0. 0514
~0,0014
~0.0392
-0.0428
~0.0007

0.0018

0.004%
~0.0010

00,0392

00,0563
~-0.0037
~0.0566
-0,0275
=0 Q00
-0.0304
~0,06464
"'Ol ()(’31

0.08560

0.0529
=0.0007

0.00395

New Coordinates of the Freezing Front

Node

—

VONOTNDdDUE

X-Coord.

0, 0000
24,9999
48,9923
49,8163
49.8736
49.9473
350.8326
59.8322
68.8452
49,8043
69,9444
70.04648
70,9948
29,0000
1200000

Y-Coord.

9.6542
9.,6543
?.6363
©.5782
?.5383
?.5380
9.1534
4.6640
0.1761
-“!2259
-0,2389
-0,2815
—() . 3342
-0 3 3469
-0.3468
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® The output (summary) data using FRT2 (KODE = 2) consists of:

TIME INCREMENT =

TOTAL SIMULATION TIME = 120.
10.0000
80,0000

CONDUCTIVITY =
LATENT HEAT =
PORNDSITY = 00,4000

NODE X(1)
N,
1 0, 00000
2 25, 00000
3 49.00000
4 49 ,920000
5 50.,00000
4 50.10000
7 51.00000
8 60,00000
? 59 .,00000
10 659 .20000
11 70, 00000
2 70. 10000
13 71.00000
14 95. 00000
15 120.,00000
16 120.00000
17 25.00000
18 71.00000
19 70.,10000
20 70.,.00000
21 49 .90000
22 49 ., 00000
23 60.00000
24 51.,00000
25 50.10000
26 50.00000
27 49,90000
28 49, 00000
29 25.00000
30 0, 00000

- — - ————— - —— ———— A — A A . - G Wt o - W - - - " - . - - -

46,0000

YOI

1000000
10.00000
10,00000
10.00000
10.00000
9, 95()()()
?.50000
5. 00000
0. S0000
0.085000
000000
0. 00000
QL. 00000
0.00000
0, 00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.,05000
1.50000
6.00000
10,50000
10,9%5000
11.00000
11.00000
11.00000
11.00000
11.00000

0000

KTYPE(1

)

1=6V; 2=GF
3=EFFLUX

Db bk b s h d Pk Pk el b A e et peA peh b peb ek b bt b A A b ek A A b s )

23

AR LR G RN

~ 'v'-'-'-'-"'

N, e e
N a0

VAL UE

0,00000
0O, 00000
O, 00000
000000
O,.00000
000000
0.00000
0. 00000
0,00000
0,00000
O, 00000
0. 00000
0. 00000
0, 00000
0.00000
-10,00000
-10,00000
-10.00000
-10.00000
-10.00000
-10.00000
-10.00000
-10.,00000
-10.00000
-10.,00000
-10.,00000
-10,00000
-10,00000
-10,00000
-10,00000

w,

N’\"'\.s"\"\

ANGLE (1)

70,00
180,00
180.00
180,00
206.57
180,00
180.00
180,00
1 8() 00
180,00
153.43
120,00
180.00
180,00

20,00

QU , Q0
180,00
180 .00
180,00
206.57
180.00
180,00
180,00
180,00
180.00
153.43
180,00
180,00
180.00

?0.00
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New Coordinates of the Freezing Front

Time =

Node

SO NGNS UR -

-t e e s —— s WO U ey > T S B e o WS o Be e Wt - ——

> pb e by b

120.0000

X-Coord.

0.0000
25.0000
49,0000
49,9000
$50.0000
50,1000
51.0000
60,0000
49 . 0000
69 .9000
70.0000
70,1000
71.0000
?5.0000

120. 0000

Y-Coord.

9.6542
9.6542
?.6369
¥.5686
?.5203
9.5124
?.11035
4.46188
0.1376
~-0.2377
-0 ¢ 2365
-0,2807
-0. 3338
-0.3470
-Q . 3468
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Example 2: Nodal Density and Timestep Size Sensitivity Analysis

A sensitivity analysis is prepared examining different time incre-
ments and nodal point densities and the resulting effects on CVBFRI

modeling results. Figure 3.1 shows the different nodal densities and

Fig. 3.2 shows the results from the several CVBEM models. From the analysis,

it appears that a small timestep (6~hours) is preferred, but a large
timestep such as 60 hours results in a relative error with respect to
the one-dimensional Stefan solution of only 2 percent. Additionally, a
relatively sparse nodal density of only 30 nodes results in a satis-
factory approximation.

Example 3: Comparison to Two-Dimensional Domain Modeling Results

The CVBFR1 modeling results for the previous example are compared to
results from a Nodal Domain Integration (NDI) two-dimensional phase change
model in Fig. 3.3. The NDI model is based upon an isothermal soil-water
phase change approximation, and uses an apparent heat capacity approach

to model the freezing front evolution in the fixed grid domain model.
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i
g2
Section s
Number A7
. A-A B-B C-C D-D of Nodes N,
Timestep e
6 hrs | 1.3466 1.4645 1.2594 1.3466 78 b
(1.3459) | (1.4661) | (1.2632) | (1.3459) o,
b )
o
12 1.3489 1.4683 1.2604 1.3489 78 2*3
(1.3482) | (1.4698) | (1.2641) | (1.3482) oS!
24 1.3537 1.4764 1.2625 1.3537 78 5.
(1.3530) | (1.4770) | (1.2660) | (1.3529) P
60 1.3697 | 1.5023 | 1.2687 | 1.3698 78 )
(1.3689) | (1.4829) | (1.2709) | (1.3689) %
:\
:'.s. $
Section . A
Number {;mestip :§\~
of Nodes A-A B-B c-C D-D ours ASA
78 1.3466 | 1.4645 | 1.2594 | 1.3466 6 oA
(1.3459) | (1.4661) (1.2632 (1.3459 =
e
62 1.3466 1.4645 1.2594 1.3466 6 o]
(1.3459) | (1.466)) (1.2632 (1.3459 =¥
62 1.3698 | 1.5023 | 1.2687 | 1.3698 60 o
(1.3689) | (1.4829 | (1.2709 | (1.3689 o
SN
46 1.3461 1.4649 1.2591 1.3467 6 N
(1.3454) | (1.4667) (1.2630 (1.3459 e
46 1.3696 | 1.5026 | 1.2685 | 1.3698 60 re
(1.3688) | (1.4836 | (1.2709 | (1.3690 ey
~ ‘,_\
30 1.3458 1.4797 1.2365 1.3468 6 E\;‘
(1.3a51) | Q.4779 | (0.2449 | (1.3460 N
30 1.3693 | 1.5241 | 1.2392 | 1.3699 60 R
(1.3686) | (1.4887) (1.2472 (.3690 e
i
VY|
1.3466: Results from Vertical Displacement Model o
(1.3459): Results from Normal Vector Displacement Model e
Fig. 3.2. Comparison of CVBEM Model Results in Predicting 3{
Freezing Front Location O
A
"
-

(Stefan Solution at 60 hrs. is 1.344 ft. depth),
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APPENDIX A:
COMPLEX VARIABLE BOUNDARY ELEMENT METHOD

Hromadka and Guymon (1984c) present a detailed development of the CVBEM.
A comprehensive presentation of the method is given in Hromadka, (1984, 1987).
A feature available with the CVBEM is the generation of a relative error meas-
ure which can be used to match the known boundary condition values of the prob-
lem, Consequently, the method can be used to develop a highly accurate approx-
imation function for the Laplace equation and yet provide a descriptive rela-
tive error distribution for analysis purposes. Because the main objective of
this paper is to analyze the numerical error in solving (5), it is noted that
the Laplace equation is solved throughout the problem domain (if homogeneous)
or in connected subregions (if inhomogeneous). Many anisotropic effects can be
accomodated by the usual rescaling procedures or by subdividing the total do-
main into easier-to-handle subproblems. The CVBEM is then applied to the prob-

lem domain(s) as discussed in the following.

Let Q be a simply connected domain with boundary ' where ' is a simple
closed contour (Fig. Al). Discretize I by m nodal points into m boundary
elements such that a node is placed at every angle point on I (Fig. A2). Each

boundary element is defined by

rj s {(2: 2=22(s) where z(s) = zy + (zJ+1 -zJ)s, 0<ssl), jdm (A1)
with the exception that on the last element,
Cm = {z: 2=2(s) where z(s) = z, +(z, -zm)s. 0<s <1}

Then
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Let each r'J be discretized by (k+1) evenly spaced nodes (k >1) such that T

A

J

Ay

is subdivided into k equilength segments (Fig. A3). Then r‘j is said to be

. W
*

a (k+l)-node element. Prom Fig. A3, each FJ has an associated nodal coordinate

- % 4
A
P e

system such that zy | = 2 and 2 |1 = 24, * 244 4.

-~ vy
-1'
S AR

On each I‘J. define a local coordinate system by

ey(s) = 2y1 * 2y e - 2y,)80 0685 %

(A3) :.\_-:'

¢ (zJ‘._1 - zj)s i

o

= - WO

where ch (zj.kﬂ zJ.l)ds. ::’.:
On each (k+1)-node element I‘j. a set of order k polynomial basis functions ::.f "
i ndl

are uniquely defined by -
v‘"}.’

N k (S) = 3 + a £3 +eeotl sk (M) :.}":;.

Jo J,1,0 Jst,l J. 1.k .-:;

N

where i = 1,2,++¢,(k+1) and 0 <s <1, and where

- '\v q

b4 -2 l, n=1{ )

n"k[“’l"""h'" =, (45) o

» zj.k+1-zj.1 0‘ n f i :.;

The basis functions are further defined to have the property that for g eT Z:ji}

ARV
¢ - 2
N k J»l , Cel. -

K 5 -2 3,1 Z: 17251 J ol

N Js = s J» (A6) e

j" z -2 "';."'-

3.k+1 7%3,1 0 ,¢ ¢pj N
iR
Let u(z) be analytic on QUTI. That is, let w(z) be the solution (unknown) '.:Qv

i,

to the steady-state boundary condition problem being considered. At ‘*f
each nodal point on I, define a specified nodal value by (Fig. A3) 3 ; 3

5 l‘:'::
4 ';..

3
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-
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R IELRL (A7)
where from Fig. A3, aj,l = Gj = aj-l,k+1'

Using (A6) and (A7), an order k global trial function is defined by

k g -2
k k - k J
[ = G = N ——
() § (CJ(S)) § 1§1wj'1 1'1[ 250172 ] o)

From (A8), the global trial function is continuous on ', An Hk approximation

function &k(z) (Hromadka, 1984, 1987) is defined by the Cauchy integral

s ZeQ, Z¢T (A9)

. 1 { 6%(2) d
wl2) - [

;-2

Because the derivative of Gk(z) exists for all zeQ, then Gk(z) is analytic
in 2 and exactly solves the Laplace equation in Q.

Expanding (A9) and using (A2) gives

(c)dz m [ 6*) &
—_—] (A10)
g -2 j=1 g -2
3
Integrating on boundary element j gives (Hromadka, 1984, 1987)
6*(2) de k-1 k K 2-25,,
j 6 -2 J jz1 91 I z -2
j

k- .
where Rj 1(z) is an order (k-1) complex polynomial resulting from the circuit
around point z (see Fig. A4 i -2, -

po (see Fig. A4) and vy is equal to (z zJ)/(zj+1 zj).
Thus, the CVBEM results in the approximation function

- 1 . . z-2
& (2) = —~ § lez Ly +§uw Njk.i(yj) In [._.JJJ J (A12)

Z -ZJ
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or in a simpler form (Hromadka, 1984, 1987)

1
“(z)-R"(z)+—Zln(z-z)ZT" (A13)
% 2ri J i i

where Tik = aj-l.i thl.i (YJ-I) - Bj.i Njﬁi (yJ). and R(z) follows from
(A12).

The approximation function of (A13) exactly satisfies the governing flow
equation in the problem domain @ for the approximated boundary conditions on
the problem boundary, I'. Because ak(z) is analytic on Q, then the maximum
relative error of |w(z) - &k(z)| must occur on I'. Consequently, the total
approximation error can be simply evaluated on ' with the corresponding errors
in the interior of Q being less in magnitude. Because the boundary conditions
used to evaluate (A13) are known continuously on I', then &k(z) can be determined

within arbitrary accuracy by the addition of nodal points on I' due to (without

proof)
1im Gk(C) d¢

2ni lim Qk(z) = = 21 w(2) (A14)

J maxlrjl*o I w(g) dg

4

g -2

max | jl*o - .

........... T et A P
‘\k\\.\\‘-\.\\ -.\- NN \\-\ )
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APPENDIX B:
THE APPROXIMATIVE BOUNDARY

FOR CVBEM ERROR ANALYSIS

Generally, the prescribed boundary conditions are values of
constant ¢ or y on each rj. These values correspond to level curves
of the analytic function w(z) = ¢ + iy. After determining a w(z), it

is convenient to determine an approximative boundary T which corresponds

to the level curves of u(2) = ¢ + 1y which are specified as the prescribed

boundary conditions. The resulting contour T is a visual

representation of approximation error, and T coincident with T implies
that w(z) = w(z). Additional collocation points are located at regions
where T deviates substantially from T.

A difficulty in using this method of locating collocation points
is that the contour T' cannot be determined for points z outside of QUT.
To proceed, an analytic continuation of &(z) to the exterior is achieved

by rewriting the integral function (A9) in terms of

m
= R (2) +J§1 (°j + iaj)(z -zj) Ln (2 -zj) (B1)

1 [ G(g)dg
;-2

r
where ay and BJ are real numbers; and Ln (2 -zj) is a principle value
logarithm with branch-cuts drawn normal to ' from each branch point z‘j
such as shown in Fig. Bl. The resulting approximation is analytic every-
where except on each branch-cut. The Rx(z) function in Eq. (B1) is a
first order reference polynomial which results due to the integration
circuit of 2r radians along r. If w(z) is not a first order polynomial,

then Rl(z) can be omitted in (B1).
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!
Implementation on a computer is direct although considerable com- ’:;
putation effort is required. One strategy for using this technique is by,
to subdivide each PJ with several internal pofnts (about 4 to 6) and :
determine o(z) at each point. Next, T is located by a Newton-Raphson E;t
stepping procedure in locating where o(z) matches the prescribed level ;i f
curve. Thus, several evaluations of «(z) are needed to locate a single "
N point. The end product, however, may be considered very useful since E;ﬁ
it can be argued that w(z) is the exact solution to the boundary value éﬁ;
problem with T' transformed to T, and T {s a visual indication of ;;_
approximation error. g;;
The use of the method discussed for locating additional collocation 5;?
points on ' is demonstrated by application of the CVBEM for solving 2 steady *\3
O,

state heat transfer problems. The problems considered each involve a di fferent

\'-’

geometry and set of boundary conditions of the Dirichlet class. The analytic ;&
solution to the problems are included in Fig. B2, Each solution satisfies
the Laplace equation and is defined as a function of a local coordinate x-y Ny

system with an origin specified as shown in the figures. On the problem

boundaries, I', the potential function or temperature is also a continuous f}?
function of position defined by i
o(zeT) =4 (x* +y?) (82) -

o

AN
From (B2), it is seen that the boundary conditions are not level curves; "
I\l

consequently, the determination of an approximative boundary r - g

L -

requires further definition. In these applications, the problem is approached:E:

by using the statement

:I\'J_'.".'.'
st

F5{2:3(z)-%(x'*y’)'%lﬂ} (83) 3
=

RS
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The strateqy of working with level curves (i.e. ¢ = oj forzerl,, J=1,2,000,m) ;.f"

follows analogously.
The two applications illustrate the development of CVBEM approximation

functions which exactly satisfy the governing partial differential equation

P v v v e a
BT
BA NS A4 5

(Laplace equation) in Q and approximately satisfy the boundary conditions

which are continuously specified on I'. The subsequent figures illustrate the

CVBEM  error evaluations along I for evenly spaced nodal placements

PRl
.‘l" l:l' o

for each problem boundary.
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APPENDIX C: PROGRAM CVBFR1 Fortran Listing

MAIN FROGRAM

THIS CAUCHY FPROGRAM ( FREEZING OR THAWING FRONT ADUVANCEMENT
USES SUBROUTINES CAUCHL /CAUCH2,CAUCHI,CAUCH4,CAUCHS»HOM, ANG)FRONT

RASED ON THE APPROXIMATION FUNCTION

MO OOOM T

IMPLICIT DOUBLE PRECISION/A-H:0-2)
COMMON/BLK 1/X(100}
COMMON/RBLK 2/Y(100)
COMMON/BLE 3/KTYPE(100)
COMMON/EBLK 4/0ALUE100)
VIRTUAL P(100,100)
COMMON/BLK 6/S(100)
COMMON/BLK 7/ANGLE(100)
COMMON/RLK B/NAT(100)
DIMENSION REX(100),REY(100)
DIMENSION H1Y(100)

OFEN [IATA FILES

I e W |

WNRDI=1
NWT=2
NPENCUNIT=NRDs NAME="CAUFRT .DAT’sTYPE="0OLD’)
OFENC(UNIT=NWT » NAME='CAUCHY . ANS’»TYPE='NEW’)

READ [IATA

D Nin N W e

»»:NOTE: NODE NUMBER FLUS NUMRER OF EFFLUX B.C,
(NNODP=NNOD+NNAT) CAN NOT EXCEED "100°
READCNRD» X)KODE .
READ(NRD»¥)NNQODs»NFRSyNFRE
READ(NRD+X)COND»XLATs»POR
READ(NRD»%)DELT,»SIMUL,OUT,ID
WRITE(NWT+401)DELT»SIMULCONDsXLATFOR
601 FORMAY(/// 94Xy "TIME INCREMENT = ' ,FB.4,/+4X: TOTAL SIMULATION':
17 TIME = ‘+F8,4,/,6Xy "CONDUCTIUITY = “+F8.4:/,6Xs LATENT
27 HEAT = ‘yFO.,4,/,4Xy'FOROSITY = “:Fé.4,/)
C,r VALUE OF EFFLUX R,C = EFFLUX/CONDUCTIVITY
Do 7 I=1,.NNOD
? FEATINRD«¥) /XOTIYs YOI KTYPE(IYsVALUELT )
CALL ANG(NNOD)
WRITE(NWT»10)
19 FORMAT (AXs ‘NODE s 68Xy "XLIY 96X e "YIIY s4Xs 'KTYPE(TIY’ +3IX,y "VALUE " »
15Xs "ANGLECI) “»/9s7Xy "NO . ¢24Xs/1=SU32=GF 7/« IFX "TI=EFFLUIY ")
N0 9 I=1,sNNOD
WRITE(NWT»8) 1o X(IdeY/(T)yKTYPECIY«UALLEC(T)s ANGLECT)
FORMAT(3IX,»15¢S5Xs2F10.5,I5,5X»F10:5,F10.2)
CONTINUE
WRITE(NWT,402)
02 FORMAT (7207 -"))

)

)

Qo

CHECK NATURAL OR EFFLUX KOUNDARY CONDITION

SO,

NNAT=0

DO 3 I=1,NNOD

X(I)=X(1)

Y(I)=Y(I)
IF(KTYPE(I).NE,3)GO TO 3
NNAT=NNAT+2
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NNODF=NNOD+NNAT

NAT (1)=NNODF .
3 CONTINUE )
IFCNNAT.EQ.,O0)NNODF=NNOD
c .
¢ FPREPARE GLOBAL MATRICES :_
c 3
€.,.ZERO ARRAYS -
ITER=IFIX(SIMUL/DELT) b
I0UT=IFIX(OUT/DELT) A
KOUT=0 :
ng 9999 IIII=1.ITER -
KOUT=KOUT+1 N
nO0 S I=1sNNODP R
S S(I)=0. n
DO 4 I=1sNNODP +]
DO & II=1,NNODF
4 PCIs11)=0, P
PO 1000 J=1,NNOD A
C...ACCOMODATE DIAGONAL NODE S
I=J-1 -
1F(1.EQ.OD) I=NNOD -
K=J+1 !
IF(K.GT.NNODYK=1
CALL CAUCH1(JsI:+:KsArBCHoI
AJ=A
RJ=ANGLE( 1) /180,%3,141%93 e
CALL CAUCH2(JsI+KrAsBsCsDrAJrBI,P? ~
r...ACCOMDDATE REMAINING CONTOUR NODAL FOINTS N
NELE=NNOD-2 d
N0 SN0 K=1s:NELE ,
M=J+K ‘
IF(M.GT NNOD)M=M-NNOD ho?
N=M+1 3
IFCN,GT . NNODIN=N-NNOD 0
CALL CAUCHLI(JsMsNsAsBsCsD) .
CALL CAUCH2( JsMs>NsAsEBsCoDisAdsRISF)
500  CONTINUE N
1000 CONTINUE g
n -
£ FREFARE FELATIVE ERROR ANALYSIS -
c -
FALL CAUCHZ(NNODF NWT,F) -~
TIME=DELTXFLOAT(IIII .
IF/KOUT .EQ, IOUT)CALL CAUCHA(NNODsNWT:TIME:ID) "N
r ‘>
C ASSIGN ROUNDARY NODAL FOINT UALUES -
r >
0O 7010 1=1,NNOD o
IF(KTYPE(I) . EQ.2)GD TO 7015 g
IF(KTYFE(I) .ER.2)GO TO 701é 3
REX(I)=VALUE(I) -
REY(I)=S(]) &
GOTO 7010 ~
7015 REX(I)=S(I) “
REY(I)=VALUE(I) \
G50T0 7010 :)
7016 II=NAT(I) T3
REX(I)=S(I) .
REY(1)=S(I1) Ny
7010 CONTINUE j

r N
o\
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]
]
;
©  CALCULATE RELATIUE ERECRE OALUES
c L
7
CALL HOM/(REXSsREYsNNODsNWT,KOUTsIOUTsH1Y,ID) oy
Cc 7o
€ UPDATE THE NEW INTERNAL ANGLES AND FOSITIONS C;
C OF THE FREEZING OR THAWING FRONT ;,
c S
CALL FRONT(NNODsNFRSsNFREsCONDsXLATsFORDELTsHLIYKODE)
C o
C OUTPUT THE NEW POSITIONS OF THE FREEZING OR THAWING FRONT Dy
c A
TF(KOUT .NE. IOUT)IGO TN 9099 "y
IFCID JNE. O)WRITE(NWT,505) TIME -
405  FORMAT(/s4X, 'TIME = ’+F8,2:/) .
WRITE(NWT 603 . 9
503 FORMAT(/:4Xs’NEW COORDINATES OF THE FREEZING DF THAMING FRONT’ R
19//912Xs NODE +4Xs "X -COORD: * »SX s Y-COORD. "+ /) N
n0 400 I=NFRS,NFRE Ry
XA=X{1?Y e
YA=Y( D) o]
WRITE(NWT«404)T9XA+YA “
604  FORMAT(11YX+I3,SX,F9.4,4X,F9.4) -
400  CONTINUE o
WRITE(NWT»502) o
KOUT=0 ]
9999 CONTINUE oy
CLOSE(UNIT=NRID v
CLOSE(UNIT=NWT)
STAP e
END -
]
.:"
~ 2
N
A
0
.: 7
-
™
1‘_ ;
R
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» [ o e o m m  m e o = = - = . T e W = = e e s e e - — - »
£ SUBROUTINE CAUCH!
o ot =~ - - - e — e —.——————— -
SUBFOUTINE CAUCHLI( JeMsNsAEC, D :
c IMPLICIT DOUBLE FRECISION(A-H,0-I)
COMMON/BLK 1/X(100) n
COMMON/BLK 2/Y(100) A
COMMON/BLK 3/KTYFE(100)
COMMON/BLK 7/ANGLE(100) e
C [
C SURROUTINE TO DETERMINE ROUNDARY ELEMENT GEOMETRIC UALUES o
r -
£,,.CALCULATE VECTOR LENGTHS 5
XLN=SARTCCY (NI =Y (J)IUN24 (X INY=X(J))RE2) Iy
XLM=SART (LY (MI=Y( D)X+ (X(MI=-X(J)IXXD) I
XXY=XLN/XLM :
A=ALOG! XXX) .
c A=DLOG(XLN/XLM) oy
C,..DETERMINE ANGLE ARITHMETIC .
IMX=(X(MY=X(J))/XLM .
ZMY=(Y(MY-YCJ))/XLM f
INX=(X(N)=X(J)Y)/XLN ]
INY=(YINY=Y(J))/XLN o
CALL CAUCHS(ZNX:»ZNYsANGLEN) =
CALL CAUCHS (ZMXs»ZMY,ANGLEM) 5
B=ANGLEN-ANGLEM o
C...ACCOMODATE CENTRAL ANGLE DETERMINATION REING ERACKWARDS ’
IF(M.EQ. (1-1) ,0F. N.EQ.(J+1))60 TQ 98 P’
n,. ACCOMODATE HRANCH-CUT EFFECTS -9
TF(E.LT . -3.141S9)k=R+4,28318532 v
IF(R,GT. 3,14159)R=R-4,2831853 e
GOTO 99 )
98 CONTINUE e
BE=ANGLE ( )} it
90 CONTINUE
- 2
C..COMFLEX YARIARLE ARITHMETIC :
C .
Fo (X INY=XIMI)YRRD$ LY INI=Y (M) N2 ;}
CzAXCXINY=XIM))~BRCY(M)=Y(N)? v
D=RE/XINY=X{M))I+AKCY (M) =Y (NI :
C=C/F s
U=0/F -
RETURN i
END "
N
¥
!
“w
" 0
(]
¥,
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C SUBRQUTINE CAUCH2 3

e bt e e L L P P R A N
SUBROUTINE CAUCH2(JirMsNrAsBrCeDrAJsBIP)

c IMPLICIT DOUBLE FRECISION(A-H»0-2) oA
COMMON/BLK 1/X(100) -
COMMON/BLK 2/Y(100) L
COMMON/BLK 3/KTYPE(100) 4
COMMON/BLK 4/VALUE(100) X
VIRTUAL P(100,100) s
COMMON/BLK 6/5¢100)

COMMON/BLK 7/ANGLE(100) -
COMMON/ELK 8/NAT(100)

C -

T SUKROUINE TO ASSEMRLE EOUNDARY ELEMENTS n

£ INTO GLOBAL MATRIX °*F" WITH VECTOR OF CONSTANTS,*'<* i,

r

C \. ]

£ SURRQOUINE TO ASSEMELE HOUNDARY ELEMENTS 3

C INTO GLOEKAL MATRIX *P* WITH VECTOR 0OF CONSTANTS:*S"® e

C e
F=AJXAJ+RJIXRJ (e
AZ=-AJ/F Y
RZ=-RJ/F K
Jd=1-1 e
IF(M,ER,JIGOTO 100 N
JJ=J41 T
IF(N.EQ,JIYGOTO 190 ;;

C...ELEMENT DOES NOT CONTAIN NODE *.i° -

CL=(X0J)=XIMIIYRC— (Y (=Y (MIVERD4T, >
C2=(X( V=X (M) YED4 (Y (J)=Y (MY VKT q
C3= (X =XINYYEC= (Y J) =Y (NY kD41, o
CA=(XC V=X INIY¥DHCY (V=Y (N RC N
CC1=C1¥AZ-RHI%C2 ~j‘
CC2=C1¥BZ+C2¥AZ b

SCI=CTIKAZ-CAXET Ng

NCA=CAXAZ+EHI¥CT
C1=CCY >4
£2=CC2 o
£1=CC3 .
Ca=Cra :
C,,. ASCIGN COEFFICIENTS TO UNKNOWN HARMONIC UARIAKRLE N
IF(KTYFE( ) .EQ. 1260 TD S -
T,,.DTAGONAL NODAL UNKNOWN HARMONIC IS THE STATE UARTARLE ‘
C...USE REAL EQUATION o
G1=-C3 =
622C4 SR
53=C1 .::‘
f4=-C2 0
50 TO @ Ny
C,, DIAGONAL UNKNOWN HARMONIC IS THE STREAM FUNCTION N7
T...USE IMAGINARY EQUATION ~
5 61=-C4 <
G2=-C3 ii
63=C2 ot
G4=C1 &)

D

IFIKTYPE(M) . EQ.2)G0TO 10

IF(KTYPE(M) .EQ.3)60TO 15

£,..STATE UARIAELE SPECIFIED FOR NODE °M°

SJY=S(J1)-(G1)¥VALUE (M) .
PCIsMYZP( 1o M)4(B2) o
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€., EFFLUX SPECIFIED FOR NQODE °*M* g
15 S(N =8¢ ]
P(JsMY=F( 1M1 $46Y b
ME=NAT (M) !
PCIsMF)=P (JyNF)+G2 a
G0 TO 50 p
C.,..STREAM FUNCTION SPECIFIED FOR NODE °*M° “4
10 S(J)=S(J)=(G2)¥VALUE (M} .
P(JyM)=P(JsM)+(G1) o
S0 IF(KTYPE(N).EQ.2)G0OTD 40 A
IF(KTYRE(N) EQ.2)G0T0O 45 '
X C...STATE VARIABLE SPECIFIED FOR NODE oN° N
p SENN=SCNN-(BIVKVALUE(N) ~
p FOJeNYZPOJaNYH(GA) o>
50 TO 250 o,
€., EFFLUX SPECIFIEN FOR NODE °*N° .
85 S(JY=S¢J) .
FeJeNY=FC JaNY$GT .
NE=NAT(N) 2
POIsNFI=F( 1y NF) 4G4 v
GO TO 250 s
, C,,.STREAM FUNCTION SFECIFIED FOR NODE °N° o
: 50 SCIY=S( 1V =(G4)¥VALLE(N) !
FeIeNYSP(O LaNI4(RT) :
G0 TO 2%0 7
r 2
C  BROUNDARY ELEMENT CONTAINS NODE °*J° <
© “r
100 IF(KTYPEC() .EQ,2 .0R, KTYFE(1Y.EQ.2)YG0 TO 110 <
C...STATE UVARIABLE SFECIFIED FOR NODE *J1° ~
C.,.USE IMAGINARY EQUATION g
IF(KTYPE(N) \EQ.1)P( Job)=F (1N +AZ N
IFCKTYPE(N) EQ,1)S¢ 1N=S¢ N -RZ¥UALUE(N) -3
TFOKTYFE(N) JEQ.2 P S, NY=P (J:N)+EZ g
TF(RTYPE(NY ,EQ,2)S¢ N=G( N =AZ¥YALUE(N) N
IF(KTYPE(NY . NE. 3260 TD 1132 e
C.,.EFFLUX SFECIFIEN FOR NODE °*N° .
Se1Vv=81¢ 4 -
B¢ 1eNY=FC 1aN) 4 RZ 3
NE=NAT(N)
BeJeNFIY=ET 1o NFY44QZ
11T IF(KTYRE(M) EQ.2)G0T0 115
IF(KTYFE (MY . ER.3VGOTO 114 .
S0 =S +BZ¥VALUE (M) :
FCJsM)SP (I M) -AZ AN
30 TO 200 N
115 S(J)=S(J)+AZKVALUE (M) “
P(JrM)=P(JrM)-BZ o
G0 70 200 o
C,,.EFFLUX SFECIFIED FOR NODE *M* N
114 S01y=6¢4) d
POJsMISF( JsM)-BZ o
MF=NAT M) =
ECJsMFY=F( 1y MFY-AZ Y,
50 TO 200 N
C., . STREAM FUNCTION SFECIFIED FOF NODE *J* \
110 IF(KTYPE(N).NE.1)GOTOQ 120 3
SN =SC I -AZRYALUE (N 73
PCJrNY=P(JsN)-RZ )
GO TO 130 N
120 IF(KTYPE(N).,NE.3)G0O TO 111 v
S
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JEFFLUXY SFECIFIZD FIF NODE *W°
Sgry=s
FOJsNY=P (N +AZ
NF=NAT(N)
FOJsNFIY=P (I NF)Y=RZ
G0 TO 130
S(J)=S(J)+BZVALUE(N)
PCJINISP(JINI+AZ
IF(KTYPE(M) \NE.1)G0 T0 140
S =S +AZEVALUE M)
PlJsMYSP(JsM)+RZ
50 TO 200

JEFFLLY SFECIFIED FOR NODE °*M*
SeJy=sihn
BljeMY=P( ]I N)-AZ
MF=NAT (M}
FeleMFY=P( JeMFY+ERZ
co 10 200
SeN=G0C ) -RZYVALUE (M)
BrJeMI=F/l taM)-AZ
IFIKTYPEC Y ,EQ:.3)GD TO 130
PO e MdY=Flde))-1,
Q0 TN 2%4)

CEFFLUY SPECTIFICEDN FOR NODE * 1
JE=NAT )
MF=NAT M)
NZZ=(X0 V=X MIYYERDS (YL )DY MY R¥D
DZZ2=SQrRT(DZZ)
SeIFY =S JFY-uAlEL N xDZZ
FOJFe JFY=1,
TE(RTYRPE(MY NE 2R IF.MY=-1,
IEIRKTYRE(MY EQ. PO JFyMFY=-1,
Flde J¥=F( Je V=1,
CONTINUE
FETURN
END
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SUBRAQUTINE CAUCHI(NNOD NWT.F2
IMPLICIT DOURLE FRECISION/A-H.0-I)

THIS SURROUTINE SOLUES A NNQD4NNOD MATRIX
GAUSSIAN ELIMINATION METHOD USED.

YIRTUAL P(100:100)
COMMON/BLE 4/S(100)
N1=NNOD-1

D0 100 K=1:N1

K1=K+1

C=P (K sk
IF(ARS(C)- . 000001)10:10:70
00 20 J=Ki,NNOD
IFCARSIF( 1K) )= 000001)20:20:15
[0 14 L=K.NNOE
FOKsL}=P( s

Bl 2, LY=C

=GN

GRS

S(Jv=e

C=F (KK

GO TO 70

CONTINUE

WRITE(NUT 1)K
EORMAT/1X,s /" - »SINGULARITY IN REOW’.IS)
0 TQ 200

C=P KK

0o 80 J=K1:NNOD
FIKeJY=P(Ks 1) /C
SORY=G(K) /0

N0 90 I=N1:NNOD

C2p O]k

nn 99 J=k1:NNOD
P(IelY=F(Ls))=CKF (K, I
§(IV=S(1)-C¥SI(K)

CONTINIE
TECARS R (NNODSNNOD) V= 00000112030 .120
SINNODY=S/(NNOD) /F (NNOT's NNOT)
0 200 L=1:N1

K=NNOD-L

K1=K+1

D0 200 1=K1sNNOD
S(K)=S(K)=P(KyJ)¥S( 12
CONTINUE

RETURN

END
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SUBROUTINE CAUCHA4(NNODSNUT.TIME,TD)
N IMPLICIT DOUBRLE FRECISION/A-H.0-2)

COMMON/BLK 3I/KTYFPE/1QQ0)

COMMON/BLK 4/YALUE(100)

COMMON/BLK 6/S(100)

COMMON/BLK 8/NAT(100)

c
C SUBROUTINE FOR QUTFROT
f: .
IFCID . NE. 0) RETURN
WREITE(NWT,»10) TIME
10 FORMAT(//77/7/7540Xs 'CAUCHY FROGRAM FESULTS /74X, 'TIME = ’+F8.4)
WRITE(NUT12)
L2 FORMAT (/s AXs 'NODE’ + AXs "CTATE’ 414X,y 'STREAM’ - /s SX s 'NUMRER "
C3IX: "VARIABLE s 12X "FUNCTION" )
DO S0 I=1.NNOD
IF(KTYPE(IY NE.3)G0 TO 29
II=NATI)
WRITE(NWTsSE)IsSI(IYsS(II
20 IF(KTYPECD) JEQ: LOWRITE(NWT »SS)IsVALUE(IY S(T)
IFARKTYPE(ID :EQ:-2YWRITE/NWTSS I, ST yaLUECT)
o= FORMAT(3IXIS,SXsF10,4,10X,F10.4)
) CONTINUE
FETUFN
END
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SUBROUTINE CAUCHS(X.YrsANGLE)
IMPLICIT DOURLE FRECISION(A-H:0-Z)

THIS SUBROUTINE DETERMINES THE FPOSTTIUE ANGLE
POINT X+iY WITH RESPECT TQ THE OFRIGIN

OF COMPLEX

FI1=AC0OS(-1.

IF(X.EQ.O,
IF(X.EQ.0Q,
IF(X,G6T.0:
IF(X.LT.O0:
IF(X,LT,.0,
IFiX.GT.Q.
FETURN

END

L

: AND,
lANDQ
ZANDD
'ANI'I
)AND)
lAND:

Y.:GT,0:YANGLE=:.S¥PI

Y. LT.0.)ANGLE=1.S¥P1
Y:GE:Q0:)ANGLE=ATANCY /X
Y.GE:Q,)ANGLE=FI-ATAN(-Y/X)
Y.LT,0.)ANGLE=FI+ATAN(Y/X)
Y:LT. 0, )ANGLE=2 ., ¥PI-ATANI-Y /X))
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SUBROUTINE HOMIREXsREY:NNOD:NHT KOUT IQUTH1Y,ID)
IMPLICIT DOUBLE FRECISION(A-H,0-20

THIS SUBROUTINE CALCULATES THE LIMITING NODAL FOINT UALUES
OF THE ANALYTIC H1 AFPROXIMAVION FUNCTION

NOoOMOMO

COMMON/RLK 1/X(100)
COMMON/BLE 2/Y(100)
COMMON/BLK 7/4NGLEC100)
DIMENSION HIX(100)sH1Y(10Q)
NIMENSION REX(100),REY(100)

MAIN LOOF

[Nl ]

KP=K0UT
IFCID . NE, OIKOUT=09999
g 20 l=1e+NNOD
H1X/ 1)=0,
20 H1Y(J)=0.

IF/XKOUT EQ: IOUTIWRITE(NWT,22)

FORMAT(//10X: 'CUBEM APPROYIMATION FUNCTION NODAL UALUES! /7.
CAXs/NODE’ s4Xy 'STATE ' s14X s "STREAM  + /s SX» 'NUMBER’ + IX " UARIARLE " »
C12X s "FUNCTION")

0 1000 J=1,sNNOD

(I8 ]
3

:CALCULATE HOUNDARY ELEMENT CONTRIBUTIONS

(e B M |

nQ S9N K=1,NNQD

KKN=K+1

IF(KK.GT,NNOIKK=1
IF(K.EQ.J.OR.KK,EQ,. J)GOTO SQ0

caLl CAUCHI(JsKsKKsAsE,CsD)
CL=FREY(KRY®(X( 1) =X/IKI)-REY/KKY¥(YL Y=Y (K D))
C=REX(KI¥(XI NDN=XIKK))$REY/KI¥(Y/( J)-YIKK))
CR2=REY(KK)X(Y (Y=Y (K))+REY (KKK (X IV =X LKD)
C-REX(KY¥(Y(J)=Y/KK))I=REY(KI¥ (X J)-XIKK))
HIX (O ty=HIX( IV 4CLXC-C2¥D

HIYI D =HIY O D +C1xD4C2¥C

aXe} CONTINUE

.CALCULATE FRINCIFLE UALUE CONTRIBUTIONS

-

[l e R WK

K=)-1

IF(K.LT:1)K=NNOD

KK=J+1

IF(KK,GT ,NNODIKK=1
YLN=SQRTLOYIKKY =YL D) dYPR2$EXLKKI =XV I¥XD)
YLM=SART (LY (KY=Y (D)) ¥¥2+ (X (KI=-X(J))¥%2D)
YXX=XLN/XLM

AJ=ALOG (XXX}

c AJ=DLOG(XLN/XLM)
BPl=(3460.-ANGLE(J))>/180,.%3,141593
H1IX(J)=HIX () EREX( I SAJ-REY( J)XBJ
H1Y (D) =K1Y (D) +REXC(IISBI+REY (1) XA Y

DIVIDE BY 2%PIxi

Oo0n

TEMP=H1X( J)
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HiX ¢ y=HlY (1) 7§,28218
H1Y(J)Y=-TEMF/4,28318

IF(KOUT EQ., IOUTIWRITE(NWT+450)JsHIX(J)sHIY( D) 'l',
450 FORMAT(3IX+sIS5+S5XsF10.4,10XsF10.4)
1000 CONTINUE

c {
c CALCULATE NODAL FPOINT RELATIVE ERROR h
c ;

IF(KOUT .NE. IOUT)GO TO 200
WRITE(NWT:550) %
550  FORMAT(///»10Xs’ NODAL FOINT RELATIVE ERROR UALUES® ") 3
DO 2000 I=1,NNOD "
DA=REX(I)-H1X(T) e
DE=REY(I)~-H1Y(I)
WRITE(NWT»450) 1,04, Ik X
2000 CONTINUE "
200  IF(KOUT .EQ, 9999)KOUT=KF !
RETURN '
END Eﬂ
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SUBROUTINE ANG(NNOI)

COMMON/BLK 1/X(109)
COMMON/BLK 2/Y(100?
COMMON/BLK 7/ANGLEC100)

THIS SURROUTINE CALCULATES THE ANGLE RETWEEN EACH NODAL FOINT

non

FPI=ACOS(-1.)
DO 100 I=1,NNGD
J=I-1
Jd=1+1
IFCI.EQ,0) J=NNOD
IFCJJ.GT.NNCD) JJ=1
XJ=X(J)-X(I}
XJJ=X(J1y-X1I)
YI=Y (I -Y(I)
YJI=Y(1J)-Y(I)
CALL CAUCHS(XJJsY 2 lhAlm
CALL CAUCHS(XJ:YJlrAJ)
ANGLE(IY=/rAJ-AJ NI ¥1IR) . /F]I
IF(ANGLE(I) LT .0, YANGLE(IY=ANGLE(I)+340.
1090 CONTINUE
RETURN
END

e

s
.

. % ‘l_‘. Pk ™

oA




SUBROUTINE FRONT/NNODNFRS,NFRE,COND»XLATPOR,DELTsH1Y:KODD?

THIS SUBROUTINE CALCUALTES THE NEW INTERNAL ANGLES AND NEW FOSITIONS
OF THE FREEZING OR THAWING FRONT AFTER EACH TIME INCREMENT BY

SHIFTING THE POSITIONS VERTICALLY OR NORMALLY,

NoOoOOnNn

COMMON/BLK 1/X(100)
COMMON/BLK 2/Y(100)
COMMON/BRLK 7/ANGLE(100)
DIMENSION Q(S0),»XP(50).YP (50}
DIMENSION H1Y(100)
C
N0 S0 I=1,50
30 Q(l>=0,
C.. AFFROXIMATE THE EFFLUX ALONG THE FREEZING FRONT
=0
N0 100 I=NFRS,NFFRE-1
J=J+1
XX=X(I+1)-X(I)
YY=Y(I41)-Y(I}
DIS=SQART(XX¥XX+YY¥YY)
FLUX=, SXCONDY(HL1Y(I4+1)-H1Y(I))/DIS
GEIY=QC$FLUX
QEI+LY=QCI+L1Y+FLLUX
90 CONTINUE

UFPDATE THE NEW FREEZING FRONT

M) Mas

J=0
00 200 I=NFRSsNFRE
J=J+1
C...DETERMINE THE NORMAL DIRECTION
IF1=I+1
IFCIP1 .GT. NNODMIF1=1
IM1=1I-1
ITFCIMY LT, 1)IM1=NNOD
FI=ACOS(-1.>
YJ=Y(IM1)-X(TI)
YJ=YOIML)Y-Y (DD
CALL CAUCHS(XJsYJsAJ)
C...CALCULATE THE NEW FREEZING FFONT
DELS=Q(H¥DELT/(XLATXFOR)
IF(I.EQ.NFRS .OR. I.EQ.NFRE)GO TO 250
ANGL=,S¥(360-ANGLE/I)XFI/180 .44
IF(KODE .EQ, 2)60 71O 220
XPLI)=X(I)
YP(I)=Y(1)-DELS
GO 10 2900
22¢ XP(I)=X(I)+DELS®COS(ANGL)
YP(I)=Y{I)Y+DELS®SIN/ANGL)
GO TO 200
250 YP(I)=Y(I)-DELSX2,
XP(L)Y=X(1)
200 CONTINUE "~

DO 300 I=NFRS»NFRE -~
X(I)=XP (1) -
Y(1)=YP(1) 1
1'\

™
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300 CONTINUE

C...CALCULATE THE NEW INTERNAL ANGELS
CALL ANG(NNOD)
RETURN
END
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